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ON THE DIOPHANTINE EQUATION
(2 =1)/(x—-1)=(@"-1)/(y—1)

MAOHUA LE

ABSTRACT. In this paper we prove that the equation (23 — 1)/(z — 1) =
Y -1)/(y—1), z,y,n € N,z > 1, y > 1, n > 3, has only the solutions
(z,y,n) = (5,2,5) and (90,2,13) with y is a prime power. The proof depends
on some new results concerning the upper bounds for the number of solutions
of the generalized Ramanujan-Nagell equations.

1. INTRODUCTION

Let Z,N,Q be the sets of integers, positive integers and rational numbers re-
spectively. For any positive integer N with N > 2, let s(IN) denote the number of
solutions (z,m) of the equation

m—1
(1) N=2 T zymeN x>1, m>2.

T —
Eightly years ago, Ratat [13] and Goormaghtigh [4] observed that s(31) = 2 and
5(8191) = 2, respectively. Simultaneously, they conjectured that if N ¢ {31,8191},
then s(IN) < 1. The problem can be written in the following form

Conjecture A. The equation
-1 y* -1

2) 1y

€T Y

has only the solutions (z,y,m,n) = (5,2,3,5) and (90,2, 3,13).

z,ymneN, x>1, y>1, n>m>2,

In addition, Bateman (see [5, Problem B25]) asked the following problem.

Problem B. Is (z,y,m,n) = (5,2, 3,5) the only solution of (2) for which x,y and
(2™ —1)/(z — 1) are all prime powers?

These are two rather difficult questions. By the results of Baker, Davenport,
Lewis, Schinzel, Shorey and Tijdeman (see the references of [14]), we see that (2)
has only finitely many solutions (z,y,m,n) if any two out of the four variables
x,y, m and n are fixed. However, to this day we do not know whether (2) has only
finitely many solutions (z,y, m,n) if any one out of x,y, m and n is fixed.

In this paper we discuss the finiteness of solutions of (2) by the means of the
generalized Ramanujan-Nagell equations. Let D1, Do be coprime positive integers,
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and let p be a prime with p ¥ D1 Ds. Further let N(Dy, Da,p) and N'(D1, D2, p)
denote the numbers of the solutions (r, s) and (', s) of equations

(3) Dir? + Dy = p°, r,s € N,
and
(4) D112 + Dy = 2p% r' s €N,

respectively. In this paper we prove the following two general results.
Theorem 1. N (D1, D2, p) < 2 except for N(1,7,2) =5 and N(3,5,2) = 3.
Theorem 2. If 24 D1Dy and p is an odd prime, then N'(D1, Da,p) < 2.

On applying the above-mentioned theorems to the equation (2), we shall deduce
the following result.

Corollary. The equation (2) has only the solutions (x,y,m,n) = (5,2,3,5) and
(90,2,3,13) such that m = 3 and y is a prime power.

2. PROOF OF THEOREM 1

First we may assume that D; is squarefree. In [1] and [2], Apéry proved that
N(1,Ds,p) < 2 except for N(1,7,2) = 5. In [7] and [8], the author proved that
N(D1,1,p) < 2 and N(D1, D2,2) < 2 except for N(1,7,2) =5 and N(3,5,2) = 3,
respectively. Therefore, we may assume that D; > 1, Dy > 1 and p is an odd
prime.

Lemma 1 ([10, Formula 3.76]). For any positive integer t and any complex num-
bers o and 3, we have
[t/2] .
t t_ 1y t—2i i
at 0t = 30 [{] oy

=0

where [t/2] is the largest integer which does not exceed t/2,
— 7 =1\
H_C—i-or o]
( (t — 24)k! 2

Lemma 2 ([9, Lemma 4]). If the equation

(5) D\ X2+ DY?=p*, X, Y,Z€Z, gdX,Y)=1, Z>0,

has solutions (X,Y, Z), then it has a unique solution (X1,Y1,Z1) such that X1 >
0, Y1 > 0 and Z1 < Z, where Z runs through all solutions (X,Y,Z) of (5).

(X1,Y1,77) is called the least solution of (5). Further, every solution (X,Y,Z)
of (5) can be expressed as

Z =7Zit, X\/D1 +Y/=Da = \(X1/D1 + X\ Yi/—D2)",

t e N,Q)[t,/\l,)\g S {—1,1}.

are positive integers.

Lemma 3. If N(Di1,D2,p) > 2, then (3) has two solutions (r1,$1) and (ra, s2)
such that

(6) s1=Zit1, sa=Zity, 1<t <tg,
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where (X1,Y1, Z1) is the least solution of (5), t1 and to are odd primes satisfying

(t;—1)/2
@ X |3 ap s a1
i=0
T
8 <t
® 2arcsin(Dy/ps)1/2 2
and
. Do 1/2 km s .
9) arcsin (E) — ? < W, 7=1,2,

where k is a positive integer satisfying k < (t; —1)/2.

Proof. We see that if (3) has a solution (r,s), then (5) has a solution (X,Y, Z) =
(r,1,s). It follows from Lemma 2 that the least solution (X7, Y7, Z1) of (5) satisfies
Y1 = 1. Then (r,s) = (X1, Z1) is a solution of (3). Further, let

(10) e=X1vVvD1+—Dy, =X1\Dy—+/—Ds.

By the proof of [9, Theorem 1], if (r, s) is a solution of (3) with (r,s) # (X1, Z1),
then there exists a positive integer ¢ satisfying ¢t > 1, 2t ¢,

(11) S = th
and

et — gt
12 =1.
(12) E—F€

Therefore, by (11), if N(D1, Da,p) > 2, then (3) has two solutions (r1,s;) and
(r2, s2) satisfying (6). Moreover, we may assume that (3) has no solutions (r, s)
satisfying

(13) Z1<s8<81, 8 <8< S8o.
Since ¢ — = 2y/— D3 and €& = p?', by Lemma 1, we get from (12) that

(14)
(t-1)/2

r‘ft - gt |t t—92i—1 ; t ;
= —1)¢ _E)t2i-1 =i _ (t—1)/2—i, 71
= Y v [fEearear = S [ cangeoy
= +1.
Since ¢t = (—=1)*1/2(mod 4) and p? = (—1)?”~1/2(mod 4), we obtain (7) from
(14).
For any positive integer ¢ with 2 1 ¢, let
et +2 et — ¢t
15 X = y— 5 =
(15) " 2yDy e—¢
By Lemma 1, X; and Y; are positive integers satisfying
(16) D1 X? 4 DyY? = p?it,

Further, by Lemma 2, we see from (16) that (r, s) is a solution of (3) satisfying (11)
if and only if ¥; = 1. From (7), we get

(17) Y, =Y, =1
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If ¢1 is not an odd prime, then t; = kiko, where k1 and ko are positive integers
satisfying k1 > 1, ko > 1 and 2 t k1ks. On applying Lemma 1, we find from (17)
that

(18)
— (k2—1)/2
(Ekl)k2 — (Ekl)k2 k. —1)/2—i i
1= th1 = Y]ﬂ 8k1 —gkl = Yk1 Z i2 (_4D2Yk21)(k2 /2 pZIkl .
1=0

Hence, we get from (18) that Vi, =Y;, /Y, = 1. It implies that (3) has a solution
(r,8) = (Xk,, Z1k1) satisfying Z1 < s < s1, which contradicts (13). Thus ¢; must
be an odd prime.

By the same argument, if t5 is not an odd prime, then from (13) we get to = t3
and Y3, /Y:, = 1. In this case, by Lemma 1, we have

> 2 ti—1)/2
1) % _ iz :;2 _ ( g/ {til] (—4D,)(i=V/2=ipZitai| _
Since (—1)E=DEHD/4 — (_1)(-DET+D/4 e got, from (19) that
EUR > 1] (apaye et - e,
im0 L'
Further, since ¢; > 3, we see from (20) that
(21) (—4Dy)B=D/2 _ (L) (=DEP D/ = (mod pP2).

On the other hand, by (7), we have

((—4D2)<t1—1)/2 — (_1)<t1—1><pzl+1>/4) + rll] (—4Dy) 1 =/2p%

22) t
+ [21} (—4=D2)(t1_5)/2192z1 =0 (modp>).
The combination of (21) and (22) yields
t1—3
(23) t (4D2 — ( ! 5 )pZ1> =0 (modp*?).

Since p { Dy and t; is an odd prime, (23) is impossible. Thus t2 is an odd prime
too.
By (10), we have

(24) e =pP 2V 5 = ph/2e0/VL
where 0 is a real number satisfying
z 1/2
) €E—FE D,
(25) sinf = RN <]ﬁ> .

Since 0 < Dy/p?t < 1, we may assume that 6 satisfies
(26) 0<0< g
Further, sine ¥z, =Y;, =1 by (17), we get from (24) and (25) that

sin 6

. L z
(27) sint;§ = (—1)&~D® 1+1)/4]m’

j=12
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Hence

(28) 10 = kr + (-1 BTN =g,

where k& is an integer, ¢;(j = 1,2) are positive numbers satisfying
. sin 6 m .

(29) sm(bjzlm, O<¢)j< 5, ]21,2

Notice that 0 < § < 7/2 by (26). Since 0 < ¢; < 8 <7/2 (j=1,2) by (26) and
(29), we see from (28) that k satisfies 1 < k < (¢t; — 1)/2. Thus, by (25), (28) and
(29), we get

. < Dy ) 2k ‘ kw| ¢;  arcsin((sin)/p?1(ti=1)/2)
arcsin | —— ——|=0-—|=2=
p t bl 4 t
; —Z1(t;—1)/2
< arcsin(p J < 7r. 12
t 51,pZ1 (L —D/2

The inequality (9) is proved.
From (25) and (27), we get

. Do\ M2 . Do\ 2
(30) |s1nt19|:<ﬁ) , |sinta8] = pr .

By (30), there exist suitable nonnegative integers k1 and ko such that

1/2

D\ 2 D
(31) |k — t10] = arcsin (—2) ,  |kam — t20] = arcsin (—2)
P D2

Since s; < sy and arcsin(Ds/p®t)'/? > arcsin(Dy/p*?)Y/?, we get from (31) that
ki ko

(32)
1 D, 1/2 1 Dy 1/2 9 Dy 1/2
T < —arcsin + —arcsin [ — < —arcsin .
t1 t2 tq pt to p*2 tq pst

Notice that |k1/t1 — k2/t2| Z 1/t1t2 if kl/tl 7é k'Q/tQ. We obtain (8) from (32) The
lemma is proved.

Lemma 4. If (3) has two solutions (r1,s1) and (ra, s2) satisfying (6) with t; = 3,
then we have

(33) 4Dy = 3p7t 4 (1) /2
and
(34) ty > 2p*%1 + 3.

Proof. Since t; = 3, we get (33) from (7). Let § = (—1)®”*+1/2 We get from (17)
and (33) that

(=3p™ +6)2 712 1y (=3p”t 4 0) 272 (3p7) = 6127 D/2 (mod p*#),
whence we obtain (o — =0 (mo 1. agaln, we get
h btain (t2 —3)/2 =0 (modp?). By (7) agai g
(35)

(5226 S o e
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Notice that

(t2—1)/2\ _ ((t2 —3)/2 ta| _ ta—3
( 9 = 1 9| = 0 mod o ,
where A = 1 or 2 according to whether ¢t = 1 (mod4) or not. We find from

(35) that (to — 3)/2 = 0 (mod p?%1). Since ty > 3, it implies (34). The lemma is
proved.

Let « be an algebraic number of degree d with conjugates o1, 020, . .., aga and
the minimal polynomial

d
a2+ a1z + ot ag=ao H(z —o,a) €Z[z], ag>0.
i=1

Then
1 d
h(a) = 5 <log ao + ;bgmax(l, |0ia|)>
is called the logarithmic absolute height of a.

Lemma 5 ([6, Théoreme 3]). Let « be an algebraic number with || = 1. Let by, ba
be positive integers, and let A = by log o —bamy/—1. If v is mot a root of unity, then
we have

log|A| > —8.87TAB?,

where A = max(20,10.98|loga| + rh(a)), B = max(17,7/2/1°5.03 + 2.35r +
rlog(b1/68.9+ b2/2A)), r = [Q(a): Q]/2.

Lemma 6. If (3) has two solutions (r1,s1) and (ra,s2) satisfying (6), then we
have

10.98
(36) ty < 2+ 2563.43 (1 + u ) .

Tog p71 72

Proof. Under the assumption, we get from (15) and (17) that

(37) 2p71/2 > 2DY?|e — 7| = | — 52|

Let @ = ¢/2. Then from (37) we get

(38) log 2p%1/? > log [£%2| + log |a!? — 1| = talog pZ1/2 + log |af? — 1].
Since t3 > 5, if |a'2 — 1| > 1, then (38) is impossible. Therefore, we have
(39) |tz — 1] > |taloga — kny/—1]

for some positive integers k with k < t5. Let A = t3log o — kmy/—1. From (38) and
(39), we get

(40) log 2p%1/? —log |A| > tolog pZ1/2.
We see from (10) that « satisfies
p?1a? — 2(D1X? — Dy)a +p? = 0.
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It implies that [Q(a) : Q] = 2, h(a) = logp?/? and « is not a root of unity.
Further, by (24) and (26), we have || =1 and |loga| = 20 < 7. Since k < tg, by
Lemma 5, we get

log |A| > —8.87(10.98 + log p?*/?)

) X <max (17 7 38+10g< L2 + L2 )))2
T 68.9  2(10.987+logp?1/2) '
If
(42) 7.38+log( 2, b ) > 17,
68.9 = 2(10.987 + log p?1/2)

then we have
log 0.0288015t5 > 9.62,

whence we conclude that

(43) ts > 523063.
On the other hand, by (40), (41) and (42), we get
(44)
log 2 10.987
2 —_— —_—
3+ 565.8842(7.38 + log 0.0288015%,)" > 14 125, + 8.7 (1 + Logo?e /2>

2
tQ t2
7.38 41 ta.
( +log (68.9 + 2(10.987T+10ng1/2)> -

We calculate from (44) that to < 150000. It contradicts with (43). So we have

t to
45 7.38 41 <17.
(45) +log (68.9 T 210087 + 10ng1/2)>

Thus, by (40), (41) and (45), we obtain (36). The lemma is proved.

Lemma 7 ([3]). The equation
X34+ X%y —2XY?-Y3=1, X, YeZ

has only the solutions (X,Y) = (1,0), (0,—1),(-1,1),(2,-1),(—1,2),(5,4), (4, -9)
and (—9,5).

Proof of Theorem 1. We now suppose that N(Di, D2,p) > 2. By Lemma 3, then
(3) has two solutions (r1, 1) and (re, s2) satisfying (6).

By Lemmas 4 and 6, if ¢t; = 3, then we have

10.98
(46) 2p?%1 +3 <ty < 2+ 2563.43 <1 + u ) ,

log pZ1/2

whence we conclude that p?* < 137. Recall that D; > 1, Dy > 1 and D; is square
free. By (33), we only need to consider the cases (Dy, D2, p?t) = (2,5,7), (2,7,9),
(3,8,11), (3,10,13), (5,14,19), (6,17,23), (6,19,25), (7,20,27), (7,22,29),(2,23,31),
(10,31,41), (11,32,43), (3,35,47), (3,37,49), (13,40,53), (15,44,59), (15,46,61),
(17,50,67), (2,53,71), (2,55,73), (5,59,79), (5,61,81), (21,62,83), (22,67,89), (6,73,97),
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(26,77,103), (3,80,107), (3,82,109), (7,85,113), (30,91,121), (31,94,125), (2,95,127),
(33,98,131) and (34,103,137). On the other hand, by (9) and (33), we get

(—1)<le_1>/2> Y

(3 7T
(47) arcsin (— + ' < DtppZitta-1/Z

4 4p%

for some positive integers k with k < (¢t — 1)/2. However, by (46), (47) is false for
the above-mentioned cases.
If t; = 5, then from (7) we get

(48) 16D3 — 20Dop?* + 5p*%r = 1.

Since p#! is an odd prime power, we see from (48) that 4Dy = A (mod p?!), where
A € {—1,1}. So we have 4Dy = kp?* + A\, where k = 1 or 3. Hence, by (48), we get
pZ(k* — 5k +5) = (5 — 2k)\.

This implies that p#* = 3. Since Ds is an integer with Do > 1, this is impossible.

If t1 = 7, then we have
(49) (297 —4D2)’ + (2p™ — AD2)*p™ — 2(2p™ — AD2)p*” — p*7t = £1

by (7). However, by Lemma 7, (49) is impossible.
From (8) and (36), if t; > 7, then we have t; > 11 and

Zita \ 1/2
521 <« pZiti=1)/2 p < T _
et ( Dy 2 arcsin(Dy /pZit1)1/2 2

10.
<2 4 2563.42 (1 + ﬂ) :

log pZ1/2
whence we calculate that p#* < 9. Since, if (D1, Do, p?!) = (2,5,7) or (2,7,9), then
t; = 3. So we only need to consider the cases (D1, Ds,p?') = (2,3,5), (3,2,5),
(3,4,7), (5,2,7), (5,4,9) and (7,2,9). For the above-mentioned cases, (7) is false if
t1 =11 or 13. So we have t; > 17. Then, by (8) and (36) again, we get

10.98

390625 < pB% < pZrti=D/2 ~ ) <91 9563.42 (1 4+ ——0 ) < 112451,
log 51/2

a contradiction. All cases have been considered, the proof is complete.

3. PROOF OF THEOREM 2
By the same method as in the proofs of Lemmas 2, 3, 4 and 6, we can prove the
corresponding lemmas about the equation (4) without any difficulty.
Lemma 8. If the equation
(50) D1 X?+D.Y?=27 X Y'.Z €Z gdX\Y)=1 Z >0,

has solutions (X',Y',Z'), then it has a unique solution (X{,Y{,Z]) such that
X{>0,Y >0 and Z; < Z', where Z' runs through all solutions (X', Y',Z")
of (50). (X1,Y{,Z1) is called the least solution of (50). Moreover, every solution
(X, Y, Z") of (50) can be expressed as

0

g g XVDLAY'VEDs (XN_Dl + AZYN—_Dz)t
o V2 V2 ’

t' e N, 2J[t/,/\1,)\2 S {—1, 1}.
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Lemma 9. The equation (4) has solutions (r',s") if and only if (50) has solu-
tions (X', Y',Z") and its least solution (X1,Y{,Z) satisfies Y{ = 1. Moreover, if
N'(Dy,D3y,p) > 2, then (4) has two solutions (1, s}) and (rh, s5) such that

(51) s1=21th, sy =Zity, 1<ty <t

where t) and t}, are odd primes satisfying

(t,—1)/2
I S R G G L AR R
i=0
T

53 - <t
(53) 2arcsin(Dy /2ps1)1/2 2
and

. Do )1/2 km T .
54 arcsin - - < ——, =1,2,
(54) <2p21 t 2t9pZI(tj—1)/2 J

where k is a positive integer satisfying k < (t; —1)/2.

Lemma 10. If (4) has two solutions (], s}) and (1}, sh) satisfying (51) with t| =
3, then we have

(55) 9D, = 3pZi + (—1)®“i+D/2
and
(56) th > 2p*% + 3.
Lemma 11. If (4) has two solutions (1, s}) and (rh, s5) satisfying (51), then we
have
10.987

/ S

(57) t) < 3+ 2563.43 (1 + 1ong£/2> .

Proof of Theorem 2. We now suppose that N'(Dy, Do, p) > 2. By Lemma 9, then
(4) has two solutions (], s}) and (%, s4) satisfying (51).

By Lemmas 10 and 11, if #{ = 3, then we have

, 10.
(58) 2p°%1 43 < th < 3+ 2563.43 <1 + M) :

log pZ1/2

whence we calculate that pZ1 < 137. Hence, by (55), we only need to consider the

cases (D1, Dy, p?1) such that p?i < 137 and 2D, = 3p7i + (—1)(1’Zi+1)/2. On the
other hand, by (54) and (55), we get

(3 (—pwtirnr P T
(59) arcsin Z—i—T T <W

for some positive integers k with k& < (¢, — 1)/2. However, for the above-mentioned
cases, if t}, satisfies (58), then (59) is impossible.
If ¢} = 5, then from (52) we get

4D2 — 10Dop” + 5p*%1 = —1.
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It implies that
60 4Dy — 5pPi)? — 5p*% = —4,
P P

For any nonnegative integer m, let F,, and L,, denote the mth Fibonacci number
and the mth Lucas number, respectively. Notice that all solutions (X,Y") of the
equation

X2 -5Y?2=—-4, X,YeEN, gedX,Y)=1

are given by (X,Y) = (Ler, Fsi+1) and (Lei+s, Foi1+5), where [ runs through all
nonnegative integers. We see from (60) that

(61) (D2, p%1) = (5L6t; Forr1) or  (5Leite, Forvs)-
On the other hand, by (53) and (57), we have
(62)
N\ 1/2
/ 2p>% T 10.987
< < s < th < 3+256343 (1+ ———
P < Dy ) 2arcsin(Dy/2p5%1)1/2 = 2 + + log pZi/2 )’

whence we calculate that p?1 < 200. Therefore, we find from (61) that (Dy, Da, p?1)
=(1,9,5), (17,9,13) and (17,161,89). Further, by (54), we get

, (D2 >1/2 b | _
arcsin . - —
2p%i th

for some positive integers k with k < (¢, — 1)/2. However, if t/, satisfies (62), then
(63) is impossible.
If t{, = 7, then from (52) we get
(64)
(270 — 2Dy)3 + (2p% — 2D5)2p% — 2(2p% — 2Dy )p¥41 — p3Z = (—1)@71 12,
By Lemma 7, we obtain from (64) that (D1, Do, pZ1) = (7,11,9). For this case, by
(53), (54) and (57), we get

™

(63) A2

(65) 729 < t, < 83099
and
1/2
. (11 km T
(66) arc sin <E) - E < m

for some positive integers k with k < (t5 — 1)/2. However, (66) is impossible if ¢/,
satisfies (65).

By (53) and (57), if ¢, > 7, then #, > 11 and p%1 < 9. Except for the already
considered cases, we have (Dl,Dg,pzi) = (5,1,3), (1,9,5), (9,1,5), (1,13,7) (5.9,7),
(9,5,7), (11,3,7), (13,1,7), (1,17,9), (11,7,9), (13,5,9) or (17,1,9). For these cases,
(52) is false when t{ = 11,13,17 and 19. So we have ¢} > 23. Then, by (53) and
(57) again, we get
7

177147 < p'174i < p#lti-1/2 o /
=P =P 2 arcsin(Dy/2ps1)1/2

<ty < 3+ 2563.43

10.987
x (14— ) < 153544,
( +10g31/2)

a contradiction. The theorem is proved.
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4. PROOF OF THE COROLLARY
Lemma 12 ([11]). The equation
P2 4+4=y", zyneN, 2fy, n>3,
has no solution (z,y,n).

Proof of Corollary. Let (z,y,m,n) be a solution of (2) such that m =3 and y is a
prime power. Then we have

(67) (y—1)Q2r+1)2+ By +1)=4y", n>3.
If y = 2, then from (67) we get
(68) Qr+1)247=2"" n>3.

By [12], we find from (68) that (z,y,m,n) = (5,2,3,5) and (90,2,3,13).

If y = 2%, where k is a positive integer with k& > 1, then
(69) 2F — D)2z +1)2+(3-28 1) =212 n > 3.

Let D = 28 —1, Dy = 3.2+ 1 and p = 2. We see from (69) that (r,s) =
(2x + 1,kn + 2) is a solution of (3) with s > 3k + 2. However, by [8], then (3) has
exactly two solutions (r,s) = (1,k + 2) and (28! + 1,3k + 2). Therefore, (69) is
impossible.

If 2y, then y = p*, where p is an odd prime and k is a positive integer.

If y = 5, then from (67) we get

(70) 2z 4+ 1) +4=5", n>3.

By Lemma 12, (70) is impossible.
If y=1 (mod4) and y > 5, then we have

k1 ki
(71) <p4 )(2m+1)2+<3p4+ >:p’m, n> 3.

Let D; = (p*—1)/4 and Dy = (3p*+1)/4. We see from (71) that (r,s) = (2z+1, kn)

is a solution of (3) with s > 3k. Notice that (3) has two solutions (r,s) = (1, k)

and (2p* + 1, 3k) in this case. Therefore, by Theorem 1, (71) is impossible.
Similarly, if y = 3 (mod 4), then we have

k -1 k 1
(72) <p 5 ) 2z +1)2 + <3PT+) =2 >3

Let D; = (p* —1)/2 and Dy = (3p* 4 1)/2. Since (4) has two solutions (1, s’) =
(1,k) and (2p* + 1,3k) in this case, by Theorem 2, (72) is impossible. Now, the
corollary is proved.
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